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Abstract. This paper is devoted to the theory of symplectic instanton bun- 
dles on an odd dimensional projective space p2n+l n > 2. The inves- 
tigation of 't Hooft instanton bundles that were introduced by Ottaviani is 
continued. Furthermore, the concept of Rao— Skiti instanton bundles is consid- 
ered. On P'', such instanton bundles were studied independently by Rao and 
Skiti, but for higher odd-dimensional projective spaces these objects are new. 
The main results of the article concern the rationality of the moduli spaces of 
't Hooft and Rao-Skiti instanton bundles, respectively, and the reducibility of 
the moduli space of symplectic instanton bundles. 



Contents 

1. Introduction 1 

2. Mathematical instanton bundles 2 

3. Symplectic 't Hooft- and RS-instanton bundles 4 

4. Deformations of generic symplectic 't Hooft instanton bundles 12 

5. The moduli space of 't Hooft instanton bundles and its birational type 13 

6. The moduli space of RS-instanton bundles and its birational type 22 
References 31 



1. Introduction 

The notion of an instanton comes from mathematical physics. It denotes a solu- 
tion of an equation of motion in quantum theory which describes a (pseudo)particle 
which exists at only one moment in time. Mathematically, it is a self-dual con- 
nection on a principal bundle on a four-dimensional Riemannian manifold. The 
Penrose- Ward transform turns instantons on the four-dimensional sphere S*^ into 
holomorphic instanton bundles on the three-dimensional complex projective space 
([3], [4]). This construction turned out to be a major motivation for study- 
ing vector bundles on complex projective spaces and similar algebraic varieties. 
In recent preprints, Jardim, Markushevich, Tikhomirov, and Verbitsky managed 
to settle fundamental open questions on geometric properties of moduli spaces of 
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instanton bundles on P^, namely smoothness, connectedness and rationality ([20], 
[21], [35]). 

The instanton correspondence exists also on higher odd-dimensional complex 
projective spaces. In fact, Salamon, Corrigan, Goddard, and Kent introduced a cor- 
respondence between self-dual connections on Sp„ (C)-bundles on the n-dimensional 
quaternionic projective space HP" and symplectic instanton bundles on the com- 
plex projective space p2"+i, n > 1 ([11], [13], [29]). For n > 2, the knowledge about 
moduli spaces of symplectic instanton bundles on p2"+i ig rnuch less complete, and 
it is the aim of the present paper to make some progress in this area. 

The starting point is the paper by Ottaviani [27] . Ottaviani introduces the notion 
of symplectic 't Hooft instanton bundles on p2"+i^ n > 2, and claims without 
proof that the closure of the locus of symplectic 't Hooft bundles is an irreducible 
component of the moduli space of symplectic instanton bundles. So far, we have not 
been able to prove this claim, but wc have; ciiccked it for several values of n and the 
instanton number k (Example 4.1). In addition, we construct an irreducible moduli 
space for symplectic 't Hooft bundles. Our first main result is that this moduli space 
is stably rational or even rational for many values of n and k (Corollary 5.10). 

Next, we define the notion of a symplectic Rao-Skiti (RS) instanton bundle on 
P^"+^, n > 1. Symplectic Rao-Skiti instanton bundles generalize bundles studied 
by Rao [28] and Skiti [33] on P^. To our knowledge, these instanton bundles haven't 
been investigated for n > 2, so far. We supply irreducible moduli spaces for sym- 
plectic Rao-Skiti instanton bundles and prove their rationality (Corollary 6.10). 
Another important observation is that there; arc; symplectic Rao-Skiti instanton 
bundles which are not limits of 't Hooft instanton bundles (Example 3.11). Under 
the assumption of the claim of Ottaviani (which we have verified in some cases), 
this implies that the moduli space of symplectic instanton bundles is reducible. 

Next, we outline the structure of the paper. In Section 2, we fix notation and 
briefly recall the deflnition and basic properties of instanton bundles on projective 
spaces needed later on. In Section 3, we present the definition and main features of 
the two irreducible families of symplectic instanton bundles on p2"+i that we are 
going to be interested in, namely, symplectic 't Hooft- and symplectic RS-instanton 
bundles (see Definition 3.3 and 3.8, respectively). The deformation theory of 't 
Hooft instanton bundles will be reviewed in Section 4. In that section, we also verify 
a central claim by Ottaviani with the help of a computer (Example 4.1). Section 5 
deals with the construction (Proposition 5.7) and the rationality (Corollary 5.10) of 
moduli spaces of 't Hooft instanton bundles. Section 6 contains the determination 
of the birational type of the moduli stacks (Corollary 6.4) and spaces (Corollary 
6.10) of RS-instanton bundles. 

Notation. Throughout this paper, we will work over the field C of complex num- 
bers. Given a vector space W, we will denote by P(W) the projective space of lines 
in W and set P := p2"+i := P(C2"+2). We will not distinguish between a vector 
bundle and its locally free sheaf of sections and use the definition of /i-(semi)stability 
due to Mumford and Takemoto [24]. Given an integer A; > 1, let J = ( g ) denote 
the standard symplectic form on C^^^^*^. 

2. Mathematical instanton bundles 

In this section, we recall the definition of (mathematical) instanton bundles and 
their description in terms of monads. 
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Definition 2.1. Let A; > 1 be an integer. An instanton bundle with charge k (for 
short, a k-instanton bundle) is a vector bundle E on F satisfying the following 
properties: 

i) E has rank 2n, 

ii) the Chern polynomial of E is Ct{E) = 1/(1 — t^)*^, 

iii) E has natural cohomology in the range — (2n + 1) < g < 0, i.e., for any q in 
that range, there is at most one integer i = i{q) such that W{F,E{qj) ^ 0. 

iv) E has trivial splitting type, i.e., the restriction of to a general line is trivial. 

Remark 2.2. By [2], Proposition 2.11, any instanton bundle is simple. Nevertheless, 
it is an open question to determine whether it is /i-stable. 

Definition 2.3. A vector bundle on P is called symplectic, if there exists an 
isomorphism (p: E — > E* such that (p* = —if. This is equivalent to the existence 

2 

of a nondcgcncratc form a G i/°(P, /\ E). 

Notice that, when n > 2, the symplectic structure condition does not follow from 
the definition. In this paper, we will restrict our attention mainly to symplectic 
instanton bimdlcs. Using the Bcilinson spectral sequence [5], we get the following 
well-known and useful correspondence between symplectic instanton bundles and 
self-dual monads: 

Proposition 2.4. i) A vector bundle E over F is a symplectic k-instanton bundle 
if and only if E is the cohomology of a symplectic monad 

(1) ^p(-l)®*= ^p(l)®'= 

where the matrix 

A e Matfcx(2n+2fc) {h%W>, ^p(l))) 

of linear forms has full rank k at every point of P and satisfies AJA* = 0. Con- 
versely, any such matrix A yields a symplectic monad (1) and hence a symplectic 
k-instanton bundle E. 

ii) Abbreviate a monad with cohomology bundle E as in (1) by M^. Then, for 
two such monads and Np, one has 

Rouiff.iE, F) = Homcpix(M^, A^^). 

Proof, i) See [26], Corollary 1.4 and Lemma 1.5, and [18], Proposition 2.4. 

ii) See [25], Proposition 1.3, or [18], Proposition 2.4. □ 

Proposition 2.5. Let E be a symplectic k-instanton bundle on P and let L cF a 
linear subspace of dimension r. Then, h^{E^L) < 2n-\-k — r. 

Proof. Assume that there is a linear subspace L C P of dimension r, such that 
h^{E\i,) > 2n + fc — r + 1 and consider the monad 

^p(_l)efe ^2„+2fc ^p(l)©'= 

associated with E. After changing basis, if necessary, wc can assume that P has 
homogeneous coordinates xo,Xi, ...,X2n+i, L is given by Xr+i = • • • = X2n+i = 
and 

A^L = {Al\A2) G Mat,x(2„+2fc) (if°(P,^L(l))) 
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with A2 = (0) e Matfex(2n+fe-r+i)(i^"(IP, ^l(I)))- By [10], Theorem 2.1, the ho- 
mogeneous ideal / C C[a;o, a;i, Xr] that is generated by the maximal minors of 
Ai S Matfcx(fc+r-i)(-ff"(IP: ^l(I))) has height < r. This implies that there exist 
closed points x & L, such that rank(A(a;)) < k, contradicting the fact that A is the 
matrix which defines the symplectic monad associated with E. □ 

Prom now on, given a symplectic instanton bundle E on F and a linear sub- 
space L c P of dimension r, we will say that L is unstable with maximal order of 

instability, if U^{E\]^) = 2n + k — r. 

Remark 2.6. i) Since any instanton bundle on P is the cohomology of a linear 
monad 

^p(-l)®'= ^2n+2fe €?p(l)®'=, 

the hypothesis "symplectic" in Proposition 2.5 can be dropped. 

ii) The upper bound given in the above proposition is sharp. Indeed, we will 
see that it is attained by symplectic RS-instanton bundles (see Definition 3.8). 
More precisely, for any symplectic RS-instanton bundle E on P, we will prove 
the existence of an n- dimensional linear subspace L c P with maximal order of 
instability (Proposition 3.10). 

3. Symplectic 't Hooft- and RS-instanton bundles 

This section is devoted to introduce the two kinds of instanton bundles that 
will be the subject of our research, namely, symplectic 't Hooft- and symplectic 
RS-instanton bundles on P. 

Let us start with the definition of symplectic 't Hooft bundles. To this end, we 
fix integers n,k>l. Let 

(2) a G Matfcx(n-Kfc)(C) 
be a matrix of scalars, and let 

(3) D :=di&g{h,...,l GiJ°(P,^p(l)), 

(4) D':=diag(Zi,...,/;+fc), 4+^ G iJ°(P, €?p(1)), 

be diagonal matrices with entries in 77° (P, i^p(l)). We consider the matrix 

(5) A:=a- {D\D') G Matfex(2„+2fe) (i?°(F, ^p(I))) 
as a morphism of vector bundles from ff"^^^"^^ to ^p(l)®'^. 

Proposition 3.1 (Ottaviani [27], Section 3). For every choice of a, lj,lj, we have: 

i) A J A* = 0. 

h) The sheaf keiA{l) C ^p(l)©(2«+2fc) has at least n + k global sections. 
Moreover, if a and the Ij , I'j are chosen generically, then we have: 

iii) The matrix A has rank k at every point o/P. 

iv) Ifk>3, then ker A(l) C ^p(l)®(2"+2fc) has exactly n + k global sections. 
Proof, i) This follows from the calculation 

{D\D') ■ J ■ {D\D'Y = {D\D') ■ = - ^'^ = 0- 

ii) The previous calculation also implies A ■ J ■ {D\D'y = 0. Consequently, 
the n + k columns of the matrix J • {D\D'Y are elements in ker A(l). We may 
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assume that the hnear forms Ij are all nonzero. Then these columns are linearly 
independent. 

For the rest of the proof, let all {k x A;)-minors of a be nonzero, and choose a 
decomposition 

i?°(P,^p(l)) =V®W with dimy = dimW^ = n+l. 

iii) Choose h,... ,ln+k G V, such that any n + 1 of them are a basis of V. 
Consider a point in P where at least one v G V does not vanish. Then at most n 
of the forms h,. . . , In+k vanish there, so we can find k of them that do not. The 
corresponding [k x fc)-minor of a ■ diag(ii, . . . , In+k) is nonzero at this point. 

Choosing I'l, . . . , I'^+k ^ ^ similarly, we can achieve that a ■ diag(Z'j, . . . , I'^j^f.) 
has rank k at all points where at least one w €W does not vanish. This covers all 
points in P, thereby proving that iii) holds for some a and Ij, I'j. 

iv) We will again take h,. . . , In+k € V and , . . . , 1'^+^ ^ ^ global section 

G H\T, b,b' e c,c' € 

is then in ker A(l) if and only if it satisfies the system of linear equations 

(6) aD6 = 0G (Sym2\/)^ 

(7) aD'c' = G (Sym^ T4^)^ 

(8) aiDc + D'b') = e (y (E)W)''. 
Choosing bases Vi,. . . , Vn+i G V and Wi,. . . , w„+i € W, we write 

D = Divi H h Dn+iVn+i with Di,..., G Mat 

D' = D[wi + ■■■ + with D[,..., G Mat 

(n+fe)x(n+fe) 

(C). 

Specifying the linear forms Zi, . . . , In+k € V and i^, . . . , & W is equivalent to 
specifying the diagonal matrices Di,. . . , Dn+i and D[,..., D'^_^_i. We also write 

b = bivi + ■■■ + bn+iVn+i with bi = . . . , 6i,„+fc)* G 

c = ciwi H h c„+iu;„+i with Cj = (cj,i, . . . , Ci^n+kf G C"+'', 

and similarly for &' and c' . 

Suppose k > 2. We claim that Equation (6) has only the trivial solution 6=0 
if Zi , . . . , In+k G V are generic. It suffices to check this in one special case, say 

I Vj, for j <n+l, 

[vi-\ hfn+i, forj>n + 2 

This choice translates into 

A = diag(0^_^, 1,0^_^, 

i—l n+l — i k—1 

The coefficient for vf in Equation (6) reads aDibi = 0. As the relevant (fc x fc)-minor 
of a is nonzero, this implies Dibi = and hence 

(9) = bi^n+2 = bi^n+3 = • ■ • = 6i,n+fe = 0. 

Given indices 1 < ii < 12 < n + 1, the coefficient for Vi^Vi^ in Equation (6) reads 

a{Di,bi,+ DM = 0€CK 



ir-- 



L. COSTA, N. HOFFMANN, R.M. MIRO-ROIG, A. SCHMITT 



Using (9), we see that Di^bi^ + Di^bi^ G C"+'^ has at most 2 <k nonzero compo- 
nents; as {k X fc)-minors of a are nonzero, we can conclude 

and hence hi^^i^ = bi^^i^ = 0. This shows that 6 = is the only solution of (6) for 

this particular choice, and consequently for a generic choice, of /i, . . . , G V. 
Similarly, c' = is the only solution of (7) for a generic choice oi . . , I'^+j^ G W . 

Suppose fc > 3. It remains to show that Equation (8) has only n + k linearly 
independent solutions (6', c) if Zi, . . . , In+k & V and l[, . . ., G W are generic. 
Again it suffices to check this in one special case, say 



Vj, for j < n 

Vn, for j = n + 1 and Ij := < 
^Vn+i, forj>n + 2 

This choice translates into 



Wj, 
Wn, 
Wn+1, 





i- 


-1 


n-\-k—i 




Di = D[ 


= diag(0, . 


.,0,1,0,. 


.,0,0,0,0,0,. 


•,0), 


Dn 


= diag(0, . 


.,0,0,0,. 


.,0,1,1,0,0,. 


•,0), 


Dn+1 


= diag(0, . 


.,0,0,0,. 


.,0,0,0,1,1,. 


.,1), 


K 


= diag(0, . 


.,0,0,0,. 


.,0,1,0,1,0,. 


•,0), 


D'n+l 


= diag(0, . 


.,0,0,0,. 


.,0,0,1,0,1,.. 








n-1 


k- 


-2 



for j < n + 1 
for j = n + 2 . 
for J > n + 3 



for j < n — 1, 



note that Di + h Dn+i and D[-\ + both equal the identity matrix. 

Given indices 1 < ii, 12 <n+l, the coefficient for Vi^ ®Wi^ in Equation (8) reads 

a{Di,Ci,+D[^b[^) = Q&C\ 

Due to the particular choice we have made, Di^Ci^ + D'iJ^'i-^ G Qn+k j^g^g g^^^ most k 
nonzero components; as {k x /i;)-minors of a are nonzero, we can conclude 

Di,Ci,+D[^b[^=Q&C^+\ 

Taking separately the sum over all 12 and the sum over all ii, we get 

= -Ai (ci H h c„+i) and Cj^ = -D[^ {b[^ h 6^+1). 

Plugging the sum over all ii of the former equation into the latter, we conclude 



■n+l 



)■ 



This shows that every solution (6', c) of Equation (8) satisfies 

b' = -D{ci H h c„+i) and c = D'{ci H h c„+i). 

As Ci H h c„+i G C^+'^j there are only n + k linearly independent solutions. □ 

Remark 3.2. The hypothesis fc > 3 in Proposition 3.1, iv), cannot be dropped. In 
fact, it is trivial to check that, if A; = 1, then ker A(l) C ^p(l)®(2n+2fe) j^^^g exactly 
2n^ + 3n + 1 global sections; and it follows from [2], Theorem 3.14, that if A; = 2 
then /iO(P,kerA(l)) = 2n + 2. 
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Definition 3.3 ([27], Section 3). A symplectic A;-instanton bundle ii^ on P given 
by a monad 

^p(_l)®fe -jI^ ^2„+2fc ^p(l)©'= 

is called an 't Hooft instanton bundle, if A is of the form (5) introduced above. 
Remark 3.4. i) Proposition 3.1, i) and iii), shows that generic data 

a S Matfcx(n+fc)('C) and h, . . . ,ln+kylii ■ ■ ■ jl'n+k 

actually define a symplectic 't Hooft fc-instanton bundle E, via (3), (4), (5) and 
(!)• 

ii) It follows from [27], Theorem 3.6, that any 't Hooft instanton bundle on P is 
stable. 

iii) The condition on the trivial splitting type follows from the other conditions 
([27], Corollary 3.5). 

The following statement is also contained in [27], Proposition 3.3 and Theorem 
3.7. 

Proposition 3.5. Let E be a symplectic 't Hooft k-instanton bundle. Then 

(10) h°{V,E{l))>n 
with equality if k > 3 and E is generic. 

Proof. Let i5 be a symplectic fc-instanton bundle, given as the cohomology of the 
monad (1). Then £'(1) is the cohomology of a monad 

ff^"" > ^p(l)®(2"+2ft) ^iiU ^p(2)®*. 

Using H'^{¥, ff®^) = 0, this impUes in particular 

h°{f,E{l)) = /i°(P,kerA(l)) -k. 
Hence the claim follows from Proposition 3.1, ii) and iv). □ 

Remark 3.6. The hypothesis > 3 in the above proposition cannot be dropped. In 
fact, let be a symplectic /c-instanton bundle on p2n+i_ gy Remark 3.2, we know 
that if A;= 1 (A; = 2) then /iO(P, kcr A(l)) =2n'^+2,n+l (/iO(P, ker A(l)) = 2n + 2) 
and, hence, /i°(P,£;(l)) = 2n'^ +3n {h°{F,E{l)) = 2n, respectively). 

We devote the last part of this section to introduce the symplectic RS-instanton 
bundles. Again, we fix integers k,n > 1. Let 

(11) H := {hij) G Matfex(„+fe)(^?°(P, ^p(l))) 

be a persymmetric matrix of linear forms hij e iJ"(P, i^^p(l)), i.e., a matrix such 
that hij = hst if i + j = s + 1. Let 

(12) i:={/o = /i = ... = /„ = 0} 
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be a linear n-space which contains no zeroes of the maximal minors of H. We 
consider the matrices 



(13) 





/ fo 


/l 




fn 







■ 









/o 


/l 




fn 


• 


• 




F := 








/o 


h 




fn 




















•• 






I 









fo 


h ■ 


• fn 


1 



and 
(14) 



A := {F\H) e Matfcx(2„+2fc) (^?°(P, ^p(I)))- 



The matrix A will be considered as a morphism of vector bundles from ^p"+^'° to 
^p(l)®'^ and it satisfies the following properties. 

Proposition 3.7. For general choices of fs,hij G H^{F, ^p(l)), < s < n, 1 < 
i < k and 0<j<n + k — 1, we have: 

i) AJA^ = 0. 

ii) The sheafkevAL C ^2n+2fe exactly n + k global sections. 

iii) T/ie matrix A has rank k at every point x of P. 



Proof, i) This part follows from the calculation 



{F\H).J.{F\Hf = {F\H) 
ii) This is due to the fact that 



FW - HF* 



0. 



Al = (OIHl) 

has exactly n + k independent syzygies of degree 0. (In general, we denote by 
Syz^(A) the space of relations cti • Q = among the column vectors Ci, Cg 

of the matrix A with deg(ai) = d, i = 1, q, d> 0.) 

iii) We deduce this from the fact that the linear space i = { /o = /i = • • • = 
fn = 0} contains no zeroes of the maximal minors of H. □ 

Definition 3.8. A symplectic fc-instanton bundle on P given by a monad 

^p(_l)efe ff2n+2h ^p(l)©'= 

is called an RS-instanton bundle, if A is of the form (14) introduced above. 

Remark 3.9. i) For n = 1, symplectic RS-instanton bundles were studied by Rao 
in [28] and by Skiti in [33]. They arc characterized as rank 2 instanton bundles on 
P^ with a jumping line of maximal order. 

ii) Examples of symplectic RS-instanton bundle E onF include the special sym- 
plectic instanton bundles introduced by Spindler and Trautmann in [34], Definition 
4.1. 

iii) Since the family of symplectic RS-instanton bundles is irreducible, it follows 

from the fact that special symplectic instanton bundles arc stable [2] that there 
exists a non-empty open subset of stable symplectic RS-instanton bundles. 

In the next proposition we are going to prove that the bound given in Proposition 
2.5 is sharp. Indeed, we have 



RATIONAL FAMILIES OF INSTANTON BUNDLES ON r^"+^ 



9 



Proposition 3.10. Let E be a symplectic RS-instanton bundle on P. There exists 
an unstable n- dimensional linear subspace L CW with maximal order of instability. 
Moreover, if E is generic, then L is unique. 

Proof. Let E he a symplectic RS-instanton bundle E onT associated with an n- 
space i = { /o = /i = • • • = /n = }. By Proposition 2.5, h^{E\L) < n + k. 
On the other hand, it is easy to see, using Proposition 3.7 and the display of the 
monad associated with E, that ^,''(£'1^) equals the number of linearly independent 
linear syzygies of the matrix A evaluated on /o = /i = • • • = fn = 0. Hence 
/i°(£'|i;,) > n + k and thus we get the equality. 

It remains to prove the unicity. Let E he a generic symplectic RS-instanton 
bundle on P. After a change of coordinates if necessary we can assume without loss 
of generality that E is the cohomology of the monad 



(15) 







ek _JA^ ff2n+2k 


^p(l)®'= 




{F\H) with H 


~ (hij) a persymmetric matrix of linear forms and 




/ Xo 


Xi ' ' ' Xji 


••• 


••• \ 









.To Xl ■■■ 


Xn 


... 




F = 





Xq X\ 


Xn 


■•• 






I 





Xo Xl 







xq, ...,X2n+i being homogeneous coordinates on P. Let L be the n-space {xo = 
Xl — ■ ■ ■ = Xn = It follows from the first part of the proof that h^{E\i,) = 
2n + k — n = n + k. The fact that L is the unique n-space with this property results 
from the following 



k. 



Claim. For any n-space L' L' ^ L, h^{E\L') <n + 

We now prove the claim. Since L' ^ L, there exists i G {0, ...,n}, such that 
L' <^ {xi = 0}. Without loss of generality assume that i = 0. Associated with the 
monad (15), we have the two short exact sequences 







K 



iffife 



and 







^p(-l)^ 



K 



E 



-)■ 







where K stands for the kernel of A. Restricting both sequences to L' and taking 
cohomology, we see that h^{E\L') = h^{K\L'). Since i' ^ {a^o = 0} and the linear 
forms hij are general, we have h^{K\Li) <n + k — l. This finishes the proof of the 
claim and the proposition. □ 



By means of the following example, we will see that there are symplectic RS- 
instanton bundles which are not symplectic 't Hooft bundles. 

Example 3.11. Fix homogeneous coordinates xq, x„, y^, yn on P and consider 
the linear n-space L c P defined xq = xi = ■ • ■ = a;„ = 0. Consider the 
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persymmetric matrix 





/ Vn-l + 


Vn 










yo 




yn-i 


yn \ 














yo 




Vn-l 


Vn 












2/0 




yn-i 


yn 












\ 


yo 




Vn-l 


Vn 










yn-1 - yn / 


matrix 
























( Xq 






Xji 







• 


\ 











Xq 


X\ 




Xn 


• 


• 








F = 








Xo 


X\ 




Xn 
























. 










V 









Xq 


Xl ■ 




) 





Denote by E the RS-instanton bundle defined by the {{2n + 2k) x fc)-matrix A = 
{F\H). Assume that k > n. Then, E is an RS-instanton bundle which is not of 't 
Hooft type. Indeed, this will follow from Proposition 3.5 and the following claim. 

Claim. H^{¥,E{1)) = 0. 

Proof. By definition, E is the cohomology of the monad 



^P(-1)®'= 



_^ ^2n-\-2k 



We have the two short exact sequences 







K 



-> ^p(-l)®'= 



K 



-)■ E > 0, 



where K denotes the kernel of A. Then, 

Syzi(^) = ker(i?"(P, ^p(l)®(2n+2fc)^ 



is the space of the syzygies of A of degree one, and we define syz^(A) as its di- 
mension. Twisting K and E by ^p(l) and taking cohomology, we easily deduce 
that 

h°{F,E{l)) =syzi(^) -fc. 

Let us prove that the space of syzygies of degree one of A is generated by the 
following independent vectors: 

k-2 fe-1 



Vl = {-yn-1 - yn, 0, 0, -yo, -yn, Xo, Xn, 0, 0)* 
k—i 2i—2 k—i 

Vi = (O^'^, -yo, -yn,K'^,xo, ...,Xn,0^'^Y 

k-2 fe-1 



2<i<k-l, 



Vk = (-2/0, -2/«,0, ...,0, -y„_i -|-y„,0,...,0,xo,...,x„)*. 

Since A • tij = 0, it is clear that Vi belongs to the space of syzygies of degree one of 
A, 1 <i <k. Let us see that the other inclusion also holds. Let 

V = {ai, ...,an+k, Pi, -, Pn+kY e Syzi(^) 
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with 

ai := al^xo + al^xi H h a^„a;„ + a^^yo + "yi^i H ^"k^" ^ ^p(l)) 

A := /3;„xo + + ■ • • + Pl^xn + Pl,yo + Pl.yi + ■■■ + Pi^Vn e i?°(P, ^p(I)). 

Since v £ Syzj^(A), we have 
(16) 

aiXQ + a2Xi H h Q;„+ia;„ + /3i(y„-i + y„) + PkVn H h Pn+kVn = 0, 

ttiXo + Qji+ixi H h a„+8a;„ + Pk-i+iVo H 1- Pn+k-i+iUn = 0, 

afeXo + afe+ixi H h Q!„+fca;„ + piyo H h Pn+Wn + (^n+kiVn-i - Vn) = 0, 

2 < i < k — 1. Restricting (16) to t/o = 2/i = • • • = = 0, we get 

al.=0, for 1 < g < n + fc, < j < n, 

and, restricting (16) to a;o = a;i = • • • = a;„ = 0, we get 

=0, {ovl<q<n + k, 0<j <n. 

Hence, the linear forms ...,j3n+k only depend on xq, ...,Xn and the hnear forms 

Q!„+;j only depend on yQ,...,y„. On the other hand, since, in each of the 
equations in (16), the coefficient of Xjyi must be zero, < i,j < n, we get the 
following relations: 

• For < i < n - 2, < j < n, 

(17) 4+^-+^^-'+'+i=0, l<l<k. 

• For i = n — l,0<j<n, 

(18) al+[^ + (51+-^-^ =0, 2<l<k-l, 

• For i = n, < j < n, 

ait^ + Pi, + = 0, 

(19) 4+' + ^^+"-'+1 = 0, 2</<fc-l, 

From these equations, wc deduce that 



(20) 



and that 



Pi, = Pi,+, = • = /?;„ = 0' 1 < « < 

Pio=Pk=--- = Pk-,-. =0' fc + l<i<n + /c, 

= <+i = • • • = = 0' 2 < i < n, 
^lo=^li=--- = =0' fc + l<i<n + fc-l, 

"ai = "^2 = • • • = = 0' 

^n+fc _ ^n+k _ ^n+fe = . . . = ^n+fe = n 
"3/0 "l/i "2/2 "yn-2 

Putting everything together, we get 

k 

1 = 1 

i.e., u is a linear combination of Vi, ...,Vk- This finishes the proof of the claim. □ 



12 



L. COSTA, N. HOFFMANN, R.M. MIRO-ROIG, A. SCHMITT 



Remark 3.12. The fact that there are symplectic 't Hooft bundles which are not 
symplectic RS-instanton bundles follows from Sections 5 and 6 where we prove 
that the family of symplectic 't Hooft bundles on P with charge k is irreducible of 
dimension 5kn + 4n^ and the family of symplectic RS-instanton bundles on P with 
charge k is irreducible of dimension (4n + 2) ■ k + 4n^ + 2n — 4. 



4. Deformations of generic symplectic 't Hooft instanton bundles 

Let £■ be a generic symplectic 't Hooft fc-instanton bundle over P. Ottaviani 
claims in [27] that every infinitesimal deformation of as a symplectic bundle comes 
from a deformation as a symplectic 't Hooft bundle for n > 2 and fc > 9. This would 
mean that (the closure of) the locus of 't Hooft bundles is an irreducible component 
of the moduli space of symplectic instanton bundles and be very interesting in view 
of our rationality result 5.10. Unfortunately, there is not much of a proof for that 
in [27], just a reference to a future paper which has not yet appeared. 

In this section we will see that, at least for small values of k and/or n, this is not 
the case. Let A be a matrix of the form (5) above, with generic parameters a and 
Ij , I'j . Then as we already quoted, A defines a generic symplectic 't Hooft instanton 
bundle E, namely the cohomology of the monad (1). An infinitesimal deformation 

A + eX with XeMatfcx(2„+2fe) (i?°(P,^p(l))) 

of A over C[£^] with £^ = still defines a symplectic instanton bundle if and only if 

{A + eX)-J-{A + eXy = 0. 

Since = 0, this is equivalent to AJX* + XJA* = 0. Using J* = —J, is also 
equivalent to the following condition: 

The matrix A-J-X*€ Matfexfe (i?°(P, ^p(2))) is symmetric. 

The vector space of all matrices X of this format has dimension k-{2n+2k) ■ (2n+2). 
The symmetry in question amounts to fc-(fc — 1)/2 linear conditions in iJ''(P, ^?p(2)), 
and hence to {k ■ {k — l)/2) • ((2n + 2) • (2n + 3)/2) linear conditions in C; hence 

dime { X G Matfcx(2„+2fe) (i?°(P, ^p(l))) | AJX* is symmetric } 

, k(k-l) (2n + 2) • (2n + 3) 
> • (2n + 2k) ■ (2n + 2) ^— — ^ ■ ' ^I-^. 

Note that this lower bound becomes negative, and hence trivially satisfied, if n and 
k are large. In particular, this shows that the conditions are then not independent. 

Such an infinitesimal deformation of A gives the trivial deformation of E if 
and only if it comes from the infinitesimal action of GLk(C) x Sp2„+2fe(C). This 
infinitesimal action is free, since the group of symplectic automorphisms of the 
generic E is finite. Hence the vector space of deformations of S as a symplectic 
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instanton bundle has dimension at least 
k{2n + 2k){2n + 2) 



k{k-l) (2n + 2)(2n + 3) 3 (2n + 2fc)(2n + 2A; + 1) 
2 2 ^ 2 



= (n + .).(2n+l).(2.-l)-^:l|^. (^- + ^)^(^- + ^) -.- 

= (n + fc) • (2n + 1) • (2fc - 1) - ^ ' • {2n^ + 5n + 3) - fc^ 

,2 2n2 - 3n + 1 , lOn^ + 5n + 1 „ o 

= -fc^ h fc 2n^ - n 

2 2 

= -(2n - 1) • (n - 1) • ^ " + 4n • (n + 1) • fc - (2n + 1) • n 

= -n^ • (fc^ - 5fc + 2) + n ^ ^ — . 

On the other hand, the moduli space of symplectic 't Hooft instanton bundles is 
generically smooth of dimension 5fcn + 4n^. Hence, a necessary condition for every 
deformation of a generic 't Hooft bundle being an 't Hooft bundle, too, is that 

o ,,0 „N 3fc 5fc 2 fc fc „ 
-n^ • (fc2 - 5fc + 6) + n ^ — < 0. 

Because of the leading term, this necessary condition is satisfied for n, fc » 0. 
Concerning smaller values, it 

• is false for n = 2 and 3 < fc < 8, 

• holds for n = 2 and fc > 9, 

• is false for n = 3 and 3 < fc < 5, 

• holds for n = 3 and fc > 6, 

• is false for fc = 3 and n':^ 

• holds for fc > 4 and n » 0. 

In the cases where this inequality is false, every 't Hooft bundle will have deforma- 
tions which aren't 't Hooft bundles. 

Example 4.1. The claim of Ottaviani in question is also equivalent to 

dime { X G Matfcx(2n+2fe) (-H"°(P, ^p(l))) | A • J • X* is symmetric } 

= (5fcn + 4n2) + dim(GLfc(C) x Sp2„+2fe(C)) 
= (n + fc) • (6n + 3fc + 1) 

where A is still a matrix of the form (5) above, with generic parameters a and 
Using the Maple, we checked this claim for the following values of (n, fc): 

(2,9), (2,10), (3,6), (3,7), (3,8), (3,9), (4,5), (4,6), (4,7), (5,5), (5,6). 

In these cases, the closure of the locus of 't Hooft bundles is an irreducible compo- 
nent of the moduli space of symplectic instanton bundles. 

5. The moduli space of 't Hooft instanton bundles and its birational 

TYPE 

Consider the symplectic vector space 
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and the vector space 

V := 

We identify the matrix a in (2) with an element 

a g ye(n+fc)^ 

For each j, we identify the pair lj,lj G -ff°(P, ^p(l)) in (3) and (4) with a hnear 
map 

U* ^H%F,^r{l)), j e{l,...,n + k}. 
Choosing a basis of H°{F, ^p(l)) identifies these maps with elements Lj e [/®(2"+2) ^ 
j = 1, n + k. We put L = (£j)j=i,...,„+fc e (c/e(2n+2)^e(n+fe)_ por each element 
in the vector space 

we thus obtain a linear map 

as in (5). It satisfies AJA* = for the standard symplectic form J on 
Consider the linear algebraic group 

Gn,k ■■= (SL(C/) X G„) ; Sn+k X GL(V). 

Recall that the wreath product (SL([/) x Gm) I Sn+k is the semidirect product 

1 ^ (SL([/) X ^ (SL(;7) X Gm) I Sn+k Sn+k ^ 1 

where Sn+k acts on (SL(C/) x G„,,)^("+'^) by permuting the factors. 
We can write each element g e Gn,k in the form 

with a e GL{V), G SL(C/), 7j G and cr G Sn+k- It induces an isomorphism 

i7* ^p(l)®("+'=) -^i-^ y0^p(l) 

with 

(21) (g-a)j :=a"^(7ja<,(j)), 

(22) (,g 7-1/3,(^.0)). 

These formulas define a linear action of Gn^fe on ([/®(2n+2) q y-)©(ra+fe)_ ^phe sub- 
group 

/i2 ^ G„^fe 

given by the diagonal embedding 112 ^ (SL(C/) x G„^)^^"■+'''> x GL{V) acts trivially. 
Proposition 3.1, iii), states Rn,k ^ for the open locus 

Rn,k C ([7®(2"+2) ® y)e(n+fe) 

where A has rank fc at every point in P. The subset Rn,k is preserved by Gn,k- Each 
point in Rn.k defines a symplectic monad (1) whose cohomology is a symplectic k- 
instanton bundle E; it is constant up to isomorphy on the G„,fe-orbits. Note that 
E is stable, by [27], Theorem 3.6. We will call the points of Rn,k stable 't Hooft 
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data in the sequel. We leave it to the reader to forraulate the moduli problem of 
stable 't Hooft data; compare for example [18], Remark 3.5. In the following, we 
will demonstrate that the geometric quotient 

Rn,k/ Gn.k 

exists as a smooth quasi-projective variety. For this, we recall some details of 
the construction of the moduli space MIp2„+i(A;) of stable symplectic fc-instanton 
bundles on p2"+i contained in [26]. 

Theorem 5.1 (The first fundamental theorem of invariant theory for symplectic 
groups). Let E and F be finite dimensional complex vector spaces, (p: F — > F^ a 
symplectic form on F, and S the isometry group of {F, tp) . Then, the S -invariant 
m,ap 

K : Rom{E, F) HomAs {E,E'^) 

f ^ fo^of 

induces a closed embedding of the categorical quotient of the vector space Hom(_E, F) 
by the action of S into HomAs(-£', -E^), the sub vector space of antisymmetric ho- 
momorphisms. The image consists of those homomorphisms whose rank is less than 
or equal to min{ dim(£), dim(F) }. 

Proof [14], Theorem 5.2.2 and Lemma 5.2.4. □ 

In the study of monads, we look at matrices in the vector space 
M := Hom(?7® F®(2n+2)-) 

and, in the study of symplectic monads, at matrices in the closed subvariety 
(23) SM:= {A€M\AJA* =0}. 

According to Theorem 5.1, 

k:P(M) p(HomAs(("l^®''"+'^)'','t^®^'"+'^)) 

I ^ [x(^): (y®(^"+2')^ ^ (C/®("+''))^ ^ ^ T/®(^"+2'] 

is a model for the categorical quotient of P(M) by the given Sp2(„_|_^;) (C)-action, 
possibly followed by a closed embedding. 

Remark 5.2. One calls K{A) the Kronecker module of A. We may view K{A) as 
an element of 



H := Hom ^/\(C2"+2), Hom(y^, V)^ . 



If ^ G SM, then K{A) takes values in the sub vector space lloms{V^ ,V) of sym- 
metric homomorphisms, i.e., K{A) is a symmetric Kronecker module (compare [26], 
p. 39). 

Finally, one has to study the SL(y)-action on P(H). By work of Hulck [19], a 
point in P(H) which comes from a monad whose cohomology is a stable instanton 
bundle is SL(V)-stable ([26], Lemmas 1.11 and 1.12). Let 



Sh C P(H) 
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be the SL(y)-invariant locally closed subset of points coming from monads with 
stable fc-instanton bundles as cohomology. By the aforementioned result of Hulek, 
the geometric quotient 

MIp2„+i(fc) := SIfe/SL(F) 

exists as quasi-projective variety. It is the moduli space of stable fc-instanton bun- 
dles on p2"+i. 

Remark 5.3. Set 

Slk :=P(SM)nK-i(SIfe) 

and let ./#p2n+i {k) be the moduli space of stable vector bundles with Chern character 
1/(1 - on P = p2"+i. We have the induced morphism 

SIfe > ^p2„+l(fc). 

Since this morphism factorizes over the categorical quotient of SIfc by the action 
of Sp2„(C) X PGL(y), Proposition 2.4, ii), shows that this quotient is actually a 
geometric one. Remark 2.2 implies further that the quotient map (compare [23], 
Proposition 1.3.1, or [31], Theorem 1.5.3.1, i) 

Sh Sifc/(Sp2„(C) X ¥GL{V)) = Sife/(Sp2„(C) X SL(y)) = SIfe/SL(V^) 
is a principal (Sp2„(C) x P GL(F))-bundle. 
We now look at the linear G„_fc-action on 

Wn,k := ([7®(2n+2) ^ y^e(n+fe)_ 

The subgroup 

^x(n+fe+l) ^ ^n+fe X J?(GL(F)) C Gn,k 

is normal, and we set 

Let us first look at the Gm^"''''^'''^^-action on Wn,k- We use the isogeny 

^x(„+fc) X G„ ^ X G„ 

{{lj)j=l,...,n+k,z) ' > {{z"^ ■lj)j = l,...,n+k,z'^)- 

Then, the last factor just acts by multiplying everything hy z, z G G^- The 
Gto -semistable points in Wn,k correspond to the G^ -semistable points 

in P(W„_fe), and these are easy to describe. 

Lemma 5.4. For a point p= [(i/j)j=i,...,Ti+fc, a] G P(Wn,fe), the following conditions 

are equivalent: 

i) The point p is semistable with respect to the action of Gm"^~^^^ ■ 

ii) The point p is stable with respect to the action of G^ "^'^^ • 

iii) yj S { 1, n + k} : aj ^ and Lj ^ 0. 

As before, we may view a tuple (Lj)j=i^...^„+fc G ^•[/e(2n+2)-jffi(Ti+fe) niatrix 
{D\D') where D and D' are diagonal matrices of the format {n + k) x (n + k) with 
entries in H°{¥, ^p(I)). We define 

a: Wn,k — > M 
((i,),=i,...,n+fc,a) ^ a-iD\D'). 
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The map a is invariant under the Gm -action, and the semistabihty condition 
in Lemma 5.4 clearly implies that aip) ^ holds for every GTO^"''''^'-semistable 
point p = ((Z/j)j=i^,,,^„+/j, o) e Wn,k- Therefore, a descends to a morphism 

a: Wn,k ■■= l^n,fc/G^^"+'^+') P(M) 

between projective varieties, and the image of a is contained in the closed subvariety 
P(SM). Using Lemma 5.4, one checks that a is injective, too. 

The group Hn^k acts on the quotient There is a natural linearization of 

this action. Note that the vector space U is equipped with the symplectic form 
U xU — > C, (m, u') I — > det(it|w'). Our convention is also such that the symplectic 
form on [/©("+'=) is the direct sum of the symplectic forms on the summands. In 
this way, Hn^k becomes a subgroup of Sp2„(C) x PGL{V). 

Remark 5.5. It is straightforward to compute the GIT-semistable and stable points 
for the i?„,fe-action on Wn,k- Unfortunately, the condition one finds is weaker 
than the condition of (Sp2„(C) x P GL(F))-semistability and stability on P(M). 
For example, using the first fundamental theorem of invariant theory (Theorem 
5.1), we can determine the SL(t/)^^"+'^)- and Sp2(„_|_fc)(C)-semistable points. The 
Sp2(„_|_fc) (C)-semistable points in P(M) are just those points 

[A] e P(M), A: — ^ y®(2n+2)^ 

for which the image of A^ is not an isotropic subspace of Viewing A 

as a tuple of linear maps 

(7^ V^®(2n+2)^ z = l,...,n + fc, 

we see that [A] is SL(;7)^ -semistable, if and only if the image of A^ is not 
an isotropic subspace oi U, i = 1, ...,n + k. It is now clear that the SL(J7)^ ("+'=)- 
scmistability of [A] will in general not imply its Sp2„(C)-semistability, not even if 
[A] lies in the image of a. 

Unfortunately, this means that the GIT-quotient Wn,k// Hn,k will not map to 
the GIT-quoticnt P(M)//(Sp2„(C) x PGL(y)). This make's it harder to understand 
the map from the moduli space of stable 't Hooft data to the moduli space of stable 
symplectic instanton bundles (see Problem 5.8). 

On the positive side, the facts that a is finite and equivariant and that -ff„,fe 

is a subgroup of Sp2„(C) x PGL(y) imply that a point p G Wn^fc/Gm^"^*^^ whose 
image a{p) € P(M) is Sp2„(C) x P GL(F)-stable is i?„,fc-stable. This applies, in 
particular, to the points of the open subset 

Rn,k := i?„,fe/G^("+'=+^) C W^„,fc/G^("+'=+^) = Wn,k 
(compare Remark 5.3). Therefore, the geometric quotient 

Rn,k/Hn,k 

exists as a quasi-projective variety. Remark 5.3 also implies that the quotient map 

Rn,k ^ Rn,k/ -^n^k 

is a principal _ff„.fe-bundle. Since R„,k — > Rn.k is a Gm''"^'^~''^''-bundle, the variety 
Rn,k/Hn,k is actually smooth. As in [23], Proposition 1.3.1, or [31], Theorem 
1.5.3.1, i), one checks 

Rn,k/Hn,k — ^{Wn,k)/{Gn,k/'^m) — Wn,k/Gn,k- 
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In the study of the birational geometry of this quotient, we will need the following 
open subset: Let 

be the open locus where moreover Ij and 1'^ are linearly independent for each j, the 
n + k linear subspaces { = ^j- = } C P are distinct, and 

kerA(l) C [/* «) 

has exactly n + k global sections. If /c > 3, then i?° ^ 7^ due to Proposition 3.1, 
iv). 

Lemma 5.6. Given two points 

(a,L),{a,L) e 

with corresponding symplectic instanton bundles E, E, every isomorphism 

(p: E — > E 

is induced by a unique group element g G Gn^k with g ■ {a,L) = {a,L). 

Proof. The isomorphism (f comes from a unique isomorphism of symplectic monads 

u* ® V ® ^p(l) 

with a e GL{V) and /3 G Sp([/®("+'=)); here A := aodiag(L) and A := aodiag(L). 

As we have seen in the proof of Proposition 3.1, i) and ii), the n + k global 
sections of ker A(l) and of ker A(l) are given by the two maps 

J o diag(L)* and J o diag(X)* : ^ U* ^ ^,(1)®^"+'=). 

Since our isomorphism of symplectic monads has to respect these, it has the form 



u* ® ^; 



7 a 



with 7 G GL„_|_fc(C). The loci in P where diag(L) and diag(L) are not surjective 



are 



|J{/,=^; = 0} and |J{/;=/]=0}. 



Since our isomorphisms /3 and 7 have to respect these, they are of the form 

= ao{pj)j and 7 = o-°(7j)j 
with pj G GL{U) , 7j G Gm and a G Sn+u- Here, Pj G SL(L/') as P is symplectic. □ 
We summarize our discussion: 
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Proposition 5.7. Fix positive integers n and k. Then, the moduli space 

HIp2T, + l(fc) := Rn,k/Gn,k 

of stable 't Hooft data exists as a smooth quasi-projective scheme and comes with a 

generically injective morphism, l to the m,oduli space MIp2n+i (fc) oj stable symplectic 
k-instanton bundles onP^""*"^. The moduli space HIp2„+i(A;) contains 

Hl"2„+i(fc) R'^j./Gn,k 

as a dense open subscheme. The morphism l is injective on HIp2n+i(A:). 

Problem 5.8. i) Describe the fibers of the morphism HIp2,x+i(/c) — > MIp2,x+i (fc). 

ii) Is the morphism HIp2n+i(fc) — > MIp2n+i(fc) proper, or at least its image 
closed? 

Wc now investigate the birational geometry of the moduli space HIp2n+i(fc). In 
what follows by the quotient of a vector space (here it will be Mat2e™2e (*^)^) fnodulo 
a group (here it will be P02e) that acts generically freely, we mean the quotient of 
an open subvariety where the action is free; this is well-defined up to birational 
equivalence. 

Theorem 5.9. Assume k>2>. The coarse moduli scheme Rnk/Gn,k of 'generic' 
't Hooft data on p2"+i is birational to 

/Mat|^2e(C)_2' 

V POse 

where 1^ is the largest power of 2 that divides both n and k. 

Here the projective orthogonal group P02= := 02= / 1^2 acts on the vector space 
Mat2^™2<i(*^)^ of pairs of symmetric matrices by simultaneous conjugation. 

Corollary 5.10. Assume k >3 and let k/Gn,k be the coarse moduli scheme of 

'generic' 't Hooft data on p2"+i, R holds: 

i) If gcd{n, fc) ^ mod 4, then R^ i^/Gn.k is rational. 

ii) If gcd{n,k) ^ mod 16, then R^ k/Gn,k is stably rational. 

Proof. It follows from Theorem 5.9 and the fact that the quotient Mat2e'x2» (C)^/ 
P02e is rational for 2^ = 1 and for 2*= = 2. It is stably rational for 2^ = 4 [30] and 
for 2« = 8 [6]. □ 

Problem. 5.11. It would be nice to determine the level of stable rationality of the 

variety Rn,k/Gn.k- 

Proof of Theorem 5.9. By Lemma 5.6 and Proposition 5.7, we have 

K,k _ (f/®(2n+2) Y-^®{n+k) 
Gn,k Gn,k/l^2 

where Gn,k = (SL([/) x Gm) I Sn+k x GL(y) acts via the formulas (21) and (22). 

Let ui,U2 be a basis of U, and put u — (ui,U2) G U^. Then the G^.^-orbit of 
{u,...,u) G ({7^)"+'^ is open, with stabilizer (^2 I Sn+k) x GL{V) C Gn,k- Hence 

Gn,k ~ {{(12 I Sn+k) xGL{V))/f,2 

where each copy of IJ.2 acts trivially on f/^" and via its nontrivial character on V. 
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Here the group action is aheady gcncrically free on the direct summand y"+'^, 
because the finite group (/i2 I Sn+k) / l-J'2 acts effectively, and hence gcncrically freely, 
on T/"+'=/GL(y) ~ Grfe(C"+'=). Thus the no-name lemma ([12], Corollary 3.8) 
yields 



^ ^4n(ra+fc) 



Gn,k ((M2^5„+fe) xGL(l/))//X2 

^ (C e ^ (^(4n-l)(n+fe) 

((M2^5„+fe) xGL(F))/M2 

where each ^2 acts trivially on the corresponding summand C. 

Sending Ai, . . . , Xn+k £ C to the matrix diag(Ai, . . . , \n+k) defines a morphism 

Matf-,,,,„^,JC). 



{n+k)x(n+k) ^ 

This morphism is equivariant for the above (permutation) action of /U2 ; Sn+k on 
£n+k g^j^jj action as a subgroup of 0„+fc on Mat^^™^^ ^ (n+k) (*^) conjugation. 

Given vi,..., Vn+k € F, they define a linear map V* — > C"'+'^; sending them 
to the image of this map whenever it is injective defines a dominant rational map 

yn+k_ _ ^Grfc(C"+'=) 

which is invariant under GL(F) and equivariant under ^2 I Sn+k (this time acting 
as a subgroup of 0„+fc, so each 112 acts nontrivially on one copy of C). Taking the 
product of this morphism and this rational map, we thus obtain a rational map 

(C ® Vr+^ ^ Mat^,^^(„^,)(C) X Gr,(C"+^) 

^ ' ((/i2?5„+fe) xGL(F))/m2 ^ PO„+fc 

The symmetric matrices in question correspond to endomorphisms of 0"+*^ which 
are self-adjoint for the standard bilinear form. It follows that eigenvectors with 
different eigenvalues are orthogonal. A generic self-adjoint endomorphism has no 
multiple eigenvalues, and its eigenvectors are not isotropic. Hence it admits an 
orthonormal basis consisting of eigenvectors, which is unique up to permutation 
and signs. This means that the rational map (24) is indeed birational, so 

Km ^ Mat-^n+.)x(.+.)(QxGr.(C"+^) ^ ^,,n-.)in+k) _ 

Now the theorem is a consequence of the following proposition. □ 
Proposition 5.12. Suppose d = di + d2 with di, d2 > 1, and v G {1,2}. Then 
Matra(C)xGr,.(C'^) ^ Mat-^-,.(C)^ ^,M-2^2^+sy2 

- P02e 

where 2* is the largest power of 2 that divides both di and d2 ■ 

Proof. We endow with the standard symmetric bilinear form bd'- x — > C. 
Fix = 1 or 1/ = 2. Let a generic linear subspace C of dimension d^ be 
given. Then := f/^ has dimension d^-i,, and 

& = Ui®U2. 
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Let moreover / : — > be a generic self-adjoint endomorphism. With respect 
to the above orthogonal direct sum decomposition, we write 



The self-adjointness f = f* means /n = /22 = /22 and /21 = fi2- We may 
assume di > d2 without loss of generality. Since / is generic, /12: U2 — > J7i is 
then injective. We choose an orthonormal basis of U\. 
In the case d\ > d2, we define a dominant rational map 

,,,, Matr,(C)xGrrf,(C'') Mat-^-,^(C) x Gr^^lC^Q 

by sending the pair (/, U^) to /n : Ui — > U\ and U2 ■= /i2(f^2) C Ui, where we 
identify Ui with via the chosen basis; this is well-defined modulo POdi- 

Using the isomorphism fi2- U2 — > U2, the restriction of to U2 x U2 and the 
map f22' U2 — > U2 yield a nondegenerate symmetric bilinear form on U2, and a 
sclf-adjoint endomorphism of t/g- From all these, we can reconstruct / up to 
POrf by choosing an orthogonal isomorphism Ui (BU2 — C**. 

Given a generic point (/n : Ui — > Ui, U2 C Ui) in the image of our rational 
map (25), we have just seen that the fiber over it parameterizes nondegenerate 
symmetric bilinear forms on U2 together with self-adjoint endomorphisms f22 of 
1/2- Since /U2 C 0^^ acts by its nontrivial character on U2 C Ui, it acts trivially 
on these forms and endomorphisms; hence the rational map (25) is birationally a 
tower of two vector bundles, both of rank d2 ■ (^2 + l)/2- This proves 

Matr,(C)xGr,.(C'^) ^ Mat-/-,^(C) x Gr,,(C-'^) 
^^^> PO^ - PO^^ 

for 1/ = 1 and for = 2; recall that we are assuming d = di + d2 with di > d2- 

In the case di = d2, gcnericity of / implies that /21: Ui — > U2 is an isomor- 
phism. We define a dominant rational map 

(27) ^r.(C) X Gr,, (C^) Mat^,^ (C)^ 



POd POd, 

by sending (/, Ui) to /n : Ui — > Ui and /2i(&d) '■ UiXUi — > C, which correspond 
to symmetric matrices via the chosen basis of Ui ; this is well-defined modulo PO^i . 

The endomorphism := /2i'^ ° ,/22 ° /21 of Ui is self-adjoint with respect to 
/2i(6d). From all these, we can again reconstruct / up to PO^. Since 112 C O^^ 
acts trivially on these endomorphisms /22, the rational map (27) is birationally a 
vector bundle of rank di ■ {di + l)/2. This proves 

Matr.(C)xGr,,(C^) ^ Mat-^-,^(C)^ 

PO^ - PO^^ ^ 

under the assumption d = di + d2 with di = d2- 

Now let's return to the general case d = d\ + d2 with d\,d2 > 1. Following 

the Euclidean algorithm as it computes h := gcd((ii, c?2), and composing with the 
corresponding birational equivalence (26) or (28) in each step, we get 

Matr,(C)xGr,.(C'^) ^ Mat-/-(C)^ ^.+.,..-.(.+3)/2 
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Recall that 2*^ is the largest power of 2 dividing h. U h = 2^, then we are done, 
so we assume 2*^ < h. Since the action of PO/, is generically free here, the stack 
quotient [Mat^^™j(C)^/ O^] is generically a /i2-gerbe over our birational quotient 
modulo PO/i. The standard representation C'' of Oh yields a vector bundle of 
rank h and nontrivial weight on this /i2-gerbe, whose index (at the generic point) 
therefore divides h, and hence divides 2'^. It follows that the Grassmannian bundle 
with fibers Gr2<!(C'') over this stack quotient has a rational generic fiber, so 

Matr.(C)^ 2=(,_2e) ^ Mat-7,(C)^xGr2.(C^) 
PO^ - FOh 

Applying (29) once more, with h and 2^ instead of d and d^,, completes the proof. □ 

Remark 5.13. The same argument shows that the stack quotient [Rn k/^n,k] is 
birational to c^kn+4n^-2-{2-+3)/2 ^ [Mat^^^2=(C)V02e]. In particular, there is a 

Poincarc family on some dense open part if and only if 2^ = 1, which means that n 
or k is odd. Otherwise, the obstruction is a Brauer class of order 2 and index 2^; 
cf. [8] and [1], Theorem 3. 

6. The moduli space of RS-instanton bundles and its birational type 

In this section, we construct the moduli stack of RS-instanton bundles on P as 
well as the moduli space of stable RS-instanton bundles, and we determine the 
birational type of these objects. Put U := C^, and let p,q > 1 be integers. We 
consider the multiplication map 

At: SPU(E}S''U SP+m. 

Lemma 6.1. For a linear hyperplane p C S^U, the following are equivalent: 

i) There is a line (.dU with p = l- SP'^U. 

ii) The restriction p<Si S'^U — > S^^'^U of fi is not surjective. 

Proof. The case p = 1 is trivial, so we assume p > 2. It is obvious that i) implies 
ii). 

For the converse, we assume that there is no line £ CU with p = £■ ^U. We 
identify U with H^{F^, ^(1)); then 

pcSPU = H°{¥\^{p)). 

The assumption on p means that the canonical evaluation map 

V- &pi=P<»c ^pi — > ^pi(p) 

is surjective. The kernel of is a vector bundle of rank p — 1 over P^, so 

p-i 

(30) ker(r7) = ^pi(ai) with ai, . . . , ap_i G Z, 

due to Grothendieck's splitting theorem. We have a short exact sequence 

— > ker{r]) — p Oc ^pi ^ ^pi {p) — > 
of vector bundles over P^. The associated long exact cohomology sequence reads 
ff°(P\ker(r?)) — ^ p — ^ S^U (P\ ker(j7)) 0. 
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Hence we conclude H'^{P^ ,kei{ri)) = and if^(P^, ker(?7)) = C. Comparing this 
with the decomposition (30), we see ker(ry) = (— 1)^'"^ ® (—2) and in partic- 
ular 

iJi(P\ker(r;)(8^pi(g)) =0. 

This implies that the following map induced by r] is surjective: 

(Pi , p (g)c ^Pi (?) ) H'' (Pi , ^pi {p + q)). 

But this map is the restriction of the multiplication map yu; therefore this restriction 
is surjective. This shows that ii) is false if i) is false. □ 

CoroUctry 6.2. Suppose that three linear maps 

aeGL{SPU), /SeGLiSm) and 7 G GL(S'P+«i7) 

satisfy jio (a® P) =70/2. Then there is a linear map g € Gh{U) such that 

SPgeC*-a, S'«.gGC*-/3 and 3^+'^ g € C* ■ -y . 

This linear map g is unique up to multiplication by C*. 

Proof. The map 

F{u) — > p{spuy 

is a closed immersion and its image is stable under the automorphism of ¥{3^11)* 
induced by a, according to the pr(;vioTis lemma. Thus, a induces an automorphism 
of V{U), which we lift to an automorphism g of U. Modifying a, (3 and 7 by 
SPg, S'^g and S^'^'^g, respectively, we may assume g = idu. This means that 
the automorphism of ¥{3^11)* induced by a restricts to the identity on F{U) C 
F{3PU)*. 

Given a line i in U, the hyperplane p := £ ■ 3'^~^U in 3''U has the property 
that (i ■ S'''~^U) (g) 3'^U and 3^1/ Cs) p have the same image under fi. According to 
Corollary 6.2, this characterizes p uniquely. Since a{£ ■ 3p~^U) = I ■ 3p~^U due to 
the previous paragraph, we conclude (3{£ ■ 3'^~^U) = I ■ 3''~^U as well. 

The fundamental theorem of algebra states that every line £ in 3^11 is a product 
of p lines £1, . . . ,£p in U . If £ is generic, then the £i are all distinct, and £ is the 
intersection of the hyperplanes pi = £i- Sp~^U in 3pU. Due to the first paragraph, 
we have a (pi) = pi for all i, and hence a{£) = £ for generic lines £. It follows that 
a induces the identity on ¥{3^11), and hence a G C* • id. 

Applying the same arguments to 0, we get /3 G C* • id as well. Because fj, is 
surjective, this implies 7 G C* • id, too. □ 

Let 

/: {3'^U)* i/°(P,^p(l)) 
be a linear embedding. We fix an integer fc > 1 and consider a linear map 

h: S''+^^-'^U — > i7"(P, ffr{l)). 

We endow the trivial algebraic vector bundle of rank 2n + 2k over P 

E^ ,^ := ((5"+'=-^;/)* e 5"+'=-iC/) 0c 

with the standard symplectic form J. We also form the algebraic vector bundles 

■■= {S''-^U) <g>c ^p(-l) and Elk := {3>'-^Ur 0c ^p(l) 
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of rank k over P. The hnear maps / and h define a morphism of vector bundles 
whose induced map of global sections is the direct sum of the following two maps: 



(31) 
(32) 



■^n-\-k— 1 



uy- ^ (s'^-^uy- (S) {s''uy 
u ^ {s''-'^uy®s' 



id®/ 



n+2fe-2 



u 



idC 



> (S'^-^Uy (SH°{F,ffr{l))■ 



We assume that Af^h is surjective; this is an open condition on h. The composition 
(33) '"^'■'^ ^' 



K,k K,k 



> K,k 



vanishes; this follows easily from the observation that the bilinear map 

is symmetric. Thus, for a generic choice of h, (33) is a monad and defines a 

symplectic instanton bundle E. 

The special form of the map Af^h means precisely that E is an RS-instanton 
bundle. To see this, choose a basis of U, and endow the symmetric powers of 
U and their duals with the induced bases. Let fi,hi G _ff°(P, (^p(l)) denote the 
images of these basis vectors under /, h. Then the map (31) corresponds to the 
special matrix F with entries fi, and the map (32) corresponds to the persymmetric 
matrix H with entries hi. Moreover, for a generic choice of the hi, the n-space 
{ /o = /i = • • • = /n = } does not contain any zeroes of the maximal minors of 
H, and thus we conclude that E is an RS-instanton bundle. 

Conversely, if E is an RS-instanton bundle, then the entries of the matrices F 
and H define linear maps / and h as above. This shows that the RS-instanton 
bundles are precisely the instanton bundles arising from monads of the form (33). 

Let Lf CF denote the locus where all sections in the image of / vanish. Then 
L/ is a linear subspace of dimension n in P; it is the linear subspace restricted to 
which E has n + k global sections by construction. If E is generic, then Lf is the 
only linear subspace of dimension n in P with that property; see Proposition 3.10. 

The next question is: When are two such RS-instanton bundles isomorphic? Let 

g e GL(C/), teC* and u € (52„+2fc-2j^)* 



be given. They define an isomorphism of symplectic monads 
(34) 



JoA 



f,h 



^Elk 



^)* (id(giu)o^. 



E. 



■K,k 



-^K,k 



■^Lk 



where the vertical map in the middle contains as a matrix entry the composition 

and the monad in the second row comes from the maps 

(35) f :=tf o{S''gy and /i' := t(/i - (u /) o /x*) o (S^+^fe" V^)- 
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Here the definition of the map h' involves the composition 

A straightforward computation shows that Diagram (34) commutes indeed and 
that the induced isomorphism of RS-instanton bundles is symplectic. Note that 

The formulas (35) define a linear group action of the semidirect product 
G := (GL([/) X C*) K (52n+2fe-2^)* 
on the vector space containing the pairs (/, h) considered above, which is 
RS := RS„,fe (S'"C/ (S'"+2'=-2C/)*) i7"(P, ^p(l)), 

such that each group element sending (/, h) to (/', h') induces a symplectic isor- 

mophism (34) from the monad given by Afj^ to the monad given by Afi hi. This 
isomorphism is the identity if and only if the triple ((/, t, u) is in the image of the 
roots of unity Hn+k-i C C* under the embedding 

p ^ (p-ida,p-",0). 
This image is a normal subgroup, and the resulting quotient group 

^ (GL(C/) X C*) X (S^n+2k-2jrjy 
Mn+fe-l 

still acts on the vector space RS. 

Proposition 6.3. Given two RS-instanton bundles 

E = 'kej:{A f^h)/ im{ J o Af f^) and E' = keT{Af>^h')/ '^M^ ° A*f',h') 

with Lf = Lfi and a symplectic isomorphism ip: E — > E' , there is a unique 
element of G which sends {f,h) to {f',h') and gives back via Diagram (34). 

Proof. The uniqueness follows from the observation that the isomorphism (34) is 
the identity only if the triple {g,t,u) is in the image of p,n+k-i- We prove the 
existence. 

The given isomorphism <^ lifts uniquely to an isomorphism 

V>':{El^,Af^H)^{Elk,Af,,H') 
of symplectic monads, which in turn is given by two linear automorphisms 
G Sp ((5"+'=-if/)* © 5"+'=-i;7, J) and e GL {{S'^-^U)*) 
satisfying the following equation: 

(36) Af,M o^"" = oAf^h- 

Let's first restrict this equation to L ■= Lf = Lf> C P. The first summand 
f^gn+k-ijjy Qf jjOj-p^^o consists exactly of the sections which vanish on L. It 

follows that this summand has to be preserved by (^°, so 

for some linear automorphism 7 € GL(5'""'"'^~^t/) and some symmetric bilinear form 
r: S^+'^-i?/ — > (6'"+'=-i[/)*. 
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The assumption Lf = Lf> means that the linear embeddings / and /' have the 
same image, so there is a linear automorphism (3 £ GL{S"U) with /' = /o/3*. We 
can write (f^ = (q;~^)* for a unique element a € GIj{S^~^U). 

Now the first component of Equation (36) simplifies to fio {a® 13) — "f o y,. This 
allows us to apply Corollary 6.2. Multiplying the resulting element g £ GL([/) by a 
nonzero scalar if necessary, we can even achieve 7 = S^^^~^g besides S''~^g £ C* -a 
and S'^g £ C* • /3. Comparing the scalars, we get more precisely a = ■ S^~^g 
and /3 = i • 5"^ for some t £ C*. 

We replace the pair (/, /i) by its image under the group element given by the 
triple (51,^,0). This reduces us without loss of generality to the case where 

/ = /', ^o=(^Q^ and vi=id 

for some symmetric bilinear form r: S'^'^^~^U — > (S'"+'^~^?7)*. In this situation, 
the second component of Equation (36) means that the diagram 

S^-^U ® 5"+*=-lC/ — 5n+2fe-2[^ ^0(p^ ^jp(i)) 

T 

s'^-'^u <s> (s^+'^-if/)* y {s^uy — ^ i?o(P, ^p(l)) 

commutes. Since fj, is surjective, we conclude that the image oi h — h' is contained 
in the image of /. As / is injective, this implies h — h' = f o5 fov some linear map 

5: 5'"+2'=-2[/ — y {S'^uy. 
Using this, the previous commutative diagram yields the commutative diagram 
5"?/ O S''-'^U (g) S'"+*^-iJ7 S'^U (g) S'"+2'=-2c/ 

gn+k-ljj ^ ^gn+k-ljj^ 1 ^ 

The composition r o (yu (g) id) — (id 0^) o 5 in this diagram is a multilinear form 

jj0(2n+2fc-2) „ ^(8)n ^ ^O(fe-l) ^g, jj8)(n+fc-l) ^ ^ 

which is invariant under the two subgroups Sn+k-i x Sn+k-i and S*,! x Sn+2k-2 in 
the symmetric group S2n+2k-2- But these two subgroups generate the full group 
S2n+2k-2, SO the multilinear form descends to a linear form 

u: S'2"+2fc-2{7 — y c 

such that 5 = uo n and t = uo jj,. It follows that the isomorphism ip* comes from 
the element in G given by the triple (idj/, 1, u). □ 

Corollciry 6.4. The quotient stack [RS/G] «s birational to the moduli stack of 
RS-instanton bundles E with charge k ot;erP^"+^. 

Remark 6.5. Note that the quotient stack [RS/G] has dimension 
dim(RS) - dim(G) = ((n + 1) + (n + 2fc - 1)) • (2n + 2) - (4 + 1 + (2n + 2k- 1)) 
= (4n + 2) • A; + 4n^ + 2n - 4. 
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In the special case n — 1, this coincides with the dimension 6/e + 2 of the moduU 
space introduced by Rao and by Skiti in [28] and [33], respectively. 

Our next aim is to determine the birational type of this moduli stack. For that, 
we choose a basis of iJ°(P, ffp{l)). This provides a G-equi variant isomorphism 

RS = (^"t/)©(2"+2) ((^n+2fc-2^)*)©(2n+2)^ 

We start with the quotient of the first summand (5'"^)®(2"+2) niodulo the subgroup 

(GL([/) X C*)//,(Mn+fc-l) 

of G, whose definition involves the embedding 

i-.C* — ^ GL(C7)xC* 

A ^ (A-idy,A-"). 

Here the group action is the restriction of the action (35). So the group clement 
represented by 5 e GL{U) and t G C* acts on (5'"[/)®(2"+2) the automorphism 

^3Y^ ^^ra[/^e(2n+2) ^ ^^n jj-jffi(2n+2) 

/ ^ (5",g)(t/). 
Proposition 6.6. The stack quotient of the vector space 

(5'"C/)®(2"+2) modulo the 

above linear group action of {GL{U) x C*)/i(/i„_|_fc_i) is 

i) birational to a2"'+4«"2 ^ ^(^*^ if n or k is odd; 

ii) birational to a2"'+4""7 ^ [End([/) V GL(C/)], if n and k are even. 

Here BC* is the classifying stack of C*, and [End(J7)^/ GL{U)] is the stack quo- 
tient of End(f7)^ modulo the linear action of GL{U) by simultaneous conjugation. 

Proof. We consider the central extension of linear algebraic groups 

(38) i^c-^^^^li^^^^l 

Mn+fc-l l-iP-n+k-l) Mn 

where tt sends the class of a pair (g, t) to the class of t^/" ■ g € GL(f7): note that the 
nth root i^^" is wcU-dcfincd modulo /i„. Our group action (37) is the composition of 
TT and the natural action of GL(C/)//i„ on (5'"[/)®(2"+2) via nth symmetric powers. 
Suppose that n is odd. Then the central extension (38) splits, because the map 

GL(L^) X C* ^ C* 

/-(Atn+fc-l) Mn+fc-1 

[g,t] ^ [t-detig)"^ 

is a left inverse of l. Hence the stack quotient in question is birational to BC* 
times the stack quotient of (5'"[/)®(2n+2) modulo GL{U)/iJ,n- Note that already 
the action of GL(U)/iJ,n on {S^U)®^ is generically free. Moreover, the isomorphism 

GL(f/)//x„ ^ GL{U) 

[g] I — > dct{g)'^-g 

shows that GL(C/)//x„ also has a generically free representation of dimension 4 
containing an open orbit. The no-name lemma ([12], Corollary 3.8) allows us to 
replace the representation (5'"[/)®(2"+2) }-,y one which contains this 4-dimensional 
representation as a direct summand, and then to conclude that the quotient is 
rational, as required. 
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Now suppose that n is even and k is odd. Then (38) also sphts, since the map 
GL{U) X C* C* 

'•(/"n+fe-l) Mn+fe-1 

[g,t] ^ [det{g)^- 

is a left inverse of l. Hence the stack quotient in question is again birational to BC* 
times the stack quotient of (5'"[/)®(2"+2) modulo GL(f7)//u„. The isomorphism 

GL{U)/nn PGL([/)xC* 
[g] ^ [.g,det(.9)t)] 

provides a generically free action of GL(C/)/y^„ on End([/)^ © C, such that the 
quotient is rational. Using the no-name lemma as before, it follows that the quotient 
of (5"[/)ffi(2n+2) modulo GL([/)/^„ is also rational, as required. 

Finally, suppose that n and k are both even. We use the group isomorphism 
GL{U) X C* 



(■(Mn+fc- 



1 



GL{U) X C* 



[g,t] ^ {detig)"^ ■g,detig)^ -t) 
whose composition with the embedding t of C* = C* / ^n+k-i is the embedding 

C* — > GL{U) X C* 
A ^ (A-idc/,1). 

Thus the cokernel of t is isomorphic to PGL(J7) x C*, which again acts generically 
freely on End(f/)^ ® C. The no-name lemma allows us to replace (S'"f/)®(2"+2) by 
the direct sum of End(C/)^ © C and a trivial representation of dimension 

(n + 1) • (2n + 2) - 2 • 4 - 1 = + 4n - 7, 

whose quotient modulo GL{U) x C* is precisely as claimed. □ 

Corollary 6.7. The moduli stack of RS-instanton bundles with charge k ot;erP^"+^ 
is 

i) birational to A(4«+2)fc+4n=+2«-4 ^ ^^^^ if n or k is odd; 

ii) birational to A(4»+2)fe+4«^+2n-9 ^ [End(C/) V SL(C/)], ifn and k are even. 

Proof. The projection onto the first summand 

RS = (5'"(7)®(2n+2) ^(•^n+2fe-2j|-j*^©(2n+2) ^ ^gnjj^^®(2n+2) 

descends to a 1-morphism of stacks 



RS 



G 



e(2n+2) 



.(GL(C/) x C*)/t(Ai„+fc-i) 

The latter stack is generically a gerbe with band C* due to the previous proposition. 
The 1-morphism is a vector bundle Y with fibers 

on which the automorphism groups C* of the gerbe act with weight 2. Its rank is 

rank(r) = (n + 2fc - 1) • (2n + 2) - (2n + 2fc - 1) = (4n + 2) • fc + 2n^ - 2n - 1. 

Now suppose that n or A; is odd. Let ^ denote the tensor square of the universal 
line bundle over the classifying stack BC* . Then the automorphism groups C* of 
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this neutral gerbe BC* act with the same weight 2 on the fibers of But any 
two vector bundles over a C*-gerbe with the same rank and the same weight arc 
isomorphic over some dense open substack of that C*-gerbe, according to [17], 
Lemma 4.10. Using Proposition 6.6, we conclude that the total space [RS/G] of 'f 
is birational to A^" +4n-2 ^j^gg ^j^g total space of the vector bundle 

^e(4n+2)fe+2n^-2n-l ^ BC* 

The projection of the line bundle ^ onto -BC* coincides with the natural morphism 

Hence the total space of jgf©^+i over BC* is the total space of (^*jSf®^ over Bi^2- 
But this pullback vector bundle is trivial, because fi2 C C* acts trivially on the 
fibers of This shows that the total space of over BC* is isomorphic to 

X B/i2. It follows that the stack [RS/G] is birational to 

^2n^+4n-2 ^ ^(4n+2)fc+2n^-2n-2 ^ 

in the case where n or fc is odd. 

Now suppose that n and k are even. Let 'W denote the universal vector bundle 
of rank 2 over the quotient stack [End([/)^/ GL([/)], or in other words the pull- 
back of the universal vector bundle of rank 2 over the classifying stack BGL{U). 
On the line bimdle det{'^), the automorphism groups C* of the dense open C*- 
gerbe in [End([/)-^/ GL{U)] act again with weight 2. Combining [17], Lemma 4.10, 
and Proposition 6.6 as before, we conclude that the stack [RS/G] is birational to 
A^" +4"-'^ times the total space of the vector bundle 

det(^)®(^"+2)'=+2"'-2"-i [End(C/)VGL(C/)]. 

The projection of the line bundle det(^ ) onto [End(f7)^/ GL(C/)] coincides with 
the natural morphism 

V-: [End([/)VSL(C/)] [End(i7)V GL(C/)] . 

Hence the total space of det(<2^)®^+i over [End(C/)V GL(;7)] is the total space of 
ip* det(^)®^ over [End(J7)V SL(C/)]. But this pullback vector bundle is now trivial 
over a dense open substack of [End(i7)^/ SL(/7)], because the generic stabilizer 
H2 C SL([/) acts trivially on the fibers of det('^); cf. [17], Corollary 4.8. This 
shows that the total space of det(^)®^+i over [End([/) V GL(C/)] is birational to 
A^ X [End(i7)VSL(C/)]. It follows that the stack [RS/G] is birational to 

^2„^+4„-7 X ^(4n+2)fc+2„^-2n-2 ^ [ End(C/) V SL(C/)] 

in the case where n and k are both even. □ 

Next, we would like to construct the moduli space for Rao-Skiti instanton bun- 
dles as an algebraic variety. Wc have already set up the group action for this moduli 
problem. Since the group G that acts is not reductive, it seems that the construc- 
tion of the quotient is not as straightforward as in the setting of 't Hooft instanton 
bundles. However, wc can easily reduce to a quotient problem for a reductive group. 
That problem can be solved with the construction of [26] and some descent theory. 
So, let us make all this precise. Denote by 



^n,k C RS 
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the G-invariant open subset of RS-monads as in (33) whose cohomology is a stable 
symplectic instanton bundle. By Remark 3.9, iii), this set is non-empty. 

Proposition 6.8. For given positive integers n and k, the moduli space 

RSIp2„+i(fe) :=RS^.JG 

of stable RS-instanton bundles with charge k on p2"+i exists as a smooth quasi- 
projective variety. It is equipped with a generically injective morphism 

l: RSIp2,»+i (A;) — > MIp2r.+i(A:) 

to the moduli space of stable symplectic instanton bundles with charge k on p2"+i. 

Problem 6.9. i) Study the properties of the map t. Is its image closed or is l even 

proper? Describe all the fibers of l. 

ii) Is every RS-instanton bundle stable? 

Proof of Proposition 6.8. Formulas (31) and (32) describe an embedding 

V': RS„,fe ^SM 

of RS„,fe into the space of all symplectic monads (compare (23)). We also have a 
homomorphism 

a-.G^H, H := Sp{iS''+''-^Uy (B S"+''-^U, j) x GL{V). 

Note that a is injective (see Proposition 6.3 and its proof for the details). 

The principal G-bundle H — > H/G and the action of G on RS^ j. define the 
associated fiber bundle 

G 

H X RS^ J, — 5" H / G 

with typical fiber RS^ (see [32], §3.2). It is a smooth quasi-projective variety on 
which the reductive group H acts from the left. By Proposition 3.10 and Proposition 
6.3, we have a generically injective and if-equivariant morphism 

a: HxRSl,, — )• SM. 

Since H x'^' RS^ j. is normal, the i7-action on this space can be linearized in some 
ample line bundle A ([22], Corollary 1.6). 
Let 

SIfe C SM \ {0} 

be the preimage of SIfc under the projection SM \ {0} — > P(SM). Remark 5.3 
shows that 

SIfc ^MIp2n+l(fc) 

is a principal H-hm\d\e. In particular, it is a faithfully flat morphism. The H- 
action on H x'^RS^ j. and the linearization of this action in A provide the data 
which enable us to descend the i?-equivariant morphism 

H X RS^ fe — > SM 

to a quasi-projective variety Q and a morphism Q — > MIp2n+i(fc). For this, one 
applies a descent theorem by Grothendieck ([15], Expose VIII, Proposition 7.8; [9], 
Theorem 7, p. 138). Here, 

H X RS^,fe ~> Q 

is also a principal ff -bundle. In particular, Q is the categorical quotient for RS^ ^ 
with respect to the G-action. □ 
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Proposition 6.6 implies the following statements: 

Corollary 6.10. The coarse moduli space RSIp2n+i(fc) of stable RS-instanton bun- 
dles with charge k over p2"+i is rational. 

Corollary 6.11. There is a Poincare family parameterized by some open subscheme 
of the coarse moduli space RSIp2n+i (k) of stable RS-instanton bundles with charge 
k over P^n+i ^^ly gj. ^ 
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